We argue that the trace structure of the non-abelian Born-Infeld action can be fixed by demanding that the action be linearised by certain energyminimising BPS-like configurations. It is shown how instantons in D4-branes, SU(2) monopoles and dyons in D3-branes, and vortices in D2-branes are all BPS states of the action recently proposed by Tseytlin. The T-dual worldvolume theories of D-strings and D0-branes are also considered. All such configurations can be dealt with exactly within the context of non-abelian Born-Infeld theory since, given the relevant BPS-like condition, the action reduces to that of Yang-Mills theory. The worldvolume energy of such configurations is an absolute minimum.
Introduction
The Dirac-Born-Infeld (DBI) action [1] , describing the worldvolume theory of a single Dbrane, has some remarkable properties. Not least is the fact that it "knows", in the sense that it admits a supersymmetric generalisation, about energy-minimising BPS states, worldvolume "solitons" with natural spacetime interpretations as intersecting branes. For such states, the action is linearised, reducing to the usual Maxwell theory; the determinant in the action can be written as a complete square, and so the non-linear square root structure drops out entirely. Solutions of the linear theory are then automatically solutions of the DBI theory.
Perhaps the most interesting example is the string-like solution found in [2, 3] , representing a (classical) fundamental string ending on the D-brane, a "BIon" (as Gibbons has christened it) from the worldvolume point of view. Ignoring the NS-NS two-form, the relevant action is one in which the worldvolume electric field and a single scalar only are excited. For a flat, and static, Dp-brane in a flat background, with X the relevant transverse coordinate, the bosonic part of the action is
where we have made use of the static gauge, in which the worldvolume metric (the pullback of the spacetime metric) is g ab = η ab + ∂ a X∂ b X. T p = g −1 s (2π) (1−p)/2 (2πα ′ ) −(1+p)/2 is the tension of the brane, which includes a factor of the string coupling constant g s = e Φ from the disk, g is the U(1) coupling constant, and 2πα ′ the inverse string tension 2 . We can absorb the coupling constant by rescaling the field strength, and will from now on set 2πα ′ = 1 unless stated otherwise explicitly. Then
The energy density can be obtained either by the usual variation with respect to the worldvolume metric, or by the Legendre transform [4] , T 
2 We use units in which c =h = 1. Then α ′ has dimensions of (length) 2 , and the factor of g, with dimensions of (length) (p−3)/2 , must be included to keep the dimensions consistent. A note on indices: a, b = 0, 1, . . . , p denote worldvolume directions; α, β = 1, . . . , p denote worldspace directions; µ, ν = p + 1, . . . , 9 denote directions transverse to the brane; and i, j will be group indices.
The energy is then bounded from below by configurations for which the BPS-like condition ∇X = ± E is obeyed. Solutions of the linearised equation of motion, ∇ 2 X = ± ∇ · E = 0, describe macroscopic BPS strings emanating from the brane, as explained in [2, 3] . The simplest such solution, for p ≥ 3, is
where Ω p−1 is the volume of the unit (p − 1) sphere, and q is the electric charge. In general, isolated singularities of the scalar X describe electrically charged worldvolume particles or BIons, so the solution (4) just describes an electric charge sitting at the origin of the worldvolume. The delta function singularity in ∇ 2 X has a physical interpretation as a fundamental string emanating from the brane, the electric charge q attached to the end of the string, this interpretation being clear from energy considerations [2] . Indeed, such configurations are fully supersymmetric [5] , and are exact solutions of the low-energy equations of motion of the superstring [6] . That is, they satisfy the β-function equation for the gauge field to all orders in derivatives of the field strength.
Such stringy solutions can be found within the worldvolume theory of a Dp-brane for any value of p ≥ 1. Similar reasoning can be applied to more specific situations, however.
That is, certain BPS worldvolume "solitons" can be found in the worldvolume theories of Dp-branes with specific values of p: abelian instantons in the D4-brane; abelian monoploes and dyons in the D3-brane [3] ; abelian vortices in the D2-brane [2, 3] ; and kinks in the Dstring [7] . For all these cases, it was shown in [8] that, given the relevant BPS-like condition, the energy is minimised; in fact, all of the above configurations follow from the D4-brane case by successive applications of T-duality.
In this latter work, it was furthermore claimed that the same ideas should hold for the non-abelian generalisation of the DBI action, relevant to the description of multiple Dbranes; that, indeed, such properties could be viewed as criteria for fixing the form of this, the non-abelian Born-Infeld (NBI) action. This is the view taken in this paper, in which we consider the non-abelian generalisation of the results of [8] concentrating, where necessary, on the SU(2) case for definiteness. Although there has been some work on the question as to what is the correct generalisation of the DBI action to the non-abelian case, the issue still seems to be somewhat ambiguous. We will show here that the action recently proposed by Tseytlin [9] , and verified in [10] , is singled out by demanding such BPS properties; the arguments being really very simple. This would suggest that there exists some supersym-metric extension of this action. After some general considerations, then, we will consider the non-abelian generalisations of the above configurations, viz.: non-abelian instantons in D4-branes; SU(2) monopoles and dyons in D3-branes; and non-abelian vortices in D2-branes. Further T-dualities give these same monopoles and instantons, but now from within the worldvolume theory of D-strings and D0-branes respectively. These latter configurations will also be considered, before making some closing remarks.
General Considerations
U(N) Yang-Mills theory should provide a good description of bound states of N D-branes [11] .
For N separate and parallel D-branes, the unbroken gauge symmetry is U(1) N , one U(1) factor for each brane. The strings stretching between the branes have a natural interpretation as the W-bosons of the gauge theory, and they become massless as the branes are brought together. The gauge symmetry, U(1) N , is then enhanced to U(N) if the N branes are coincident. Since U(N) ∼ U(1) × SU(N), the centre of mass motion can be separated off, leaving an SU(N) Yang-Mills theory describing the relative dynamics of the branes. It would seem, however, that the correct theory governing the dynamics of such coincident branes should be an NBI action, of which Yang-Mills theory is just a "non-relativistic" approximation.
The natural such action would be a generalisation of the DBI action (1), in which the field strength is replaced by its non-abelian counterpart, and in which the worldvolume metric is multiplied by a unit matrix in the group space. Note that by T-duality, it must be the case that the coordinates of the branes become matrix-valued. For the time being, however, we will not excite any such worldvolume (spacetime) scalars. Then, since the action must be a group scalar, we should trace over it, e.g. [12, 13, 14] :
where I is the unit SU(N) matrix, As explained in [10] , other trace structures, such as Tr(− det(η ab I + F ab )), can be ruled out immediately. Note that an NBI lagrangian of this form was proposed in [15] , although not in the D-brane context. Moreover, this is the trace structure implicit in [8] . The trace must, however, appear outside of, rather than inside of, the square root, for the simple reason that, if we were to diagonalise the field strength, we expect the NBI action to reduce to a direct sum of DBI actions. Only if the NBI action is of the form (5) will this be the case. It should be noted that, although the group trace structure postulated in [8] is not that which follows from the STr prescription, the energy minimising configurations found in this latter work do indeed follow through to the full-blown NBI action.
We can, however, consider different group trace operations, and this is where some ambiguity over the form of the action appears. Tseytlin has argued [9] that the NBI action should take the form
where STr is a symmetrised trace, given by
It is important to note that matrix algebra, in the sense of substituting for products of matrices, cannot be performed within this trace operation; hence the commas between the arguments in ( reason alone would seem more satisfactory. As we will comment on below, the symmetric properties of this operation allows for the matrices to be interchanged at will. We could further consider an antisymmetrised trace
and make use of the combination STr + iATr, e.g. [16] , the factor of i being necessary since the basis of the group algebra is hermitian. These would seem to be the only possibilities.
In [10] , the β-function for the non-abelian gauge field in open superstring theory was considered and Tseytlin's proposal (6) verified to the two-loop order. Due to the path-ordering involved in the string action, however, we can neither deal exactly in derivatives of the field strength nor, as is possible in the abelian case, can we deal exactly in α ′ . For this reason, we feel that further evidence as to the nature of the NBI action is perhaps necessary. We argue below that Tseytlin's proposal is, indeed, the only one of these three trace structures to be singled out by the BPS considerations with which this paper is concerned.
To this end, then, we will first consider D4-branes, with no scalar fields excited; that is, we set X µ = constant. Using the identity det(M) = exp tr ln(M), tr a trace over spacetime indices, the expansion of the spacetime determinant in (6) gives
where
In the abelian case, all the odd powers of F ab vanish identically, but this is not so for the case at hand. Note that the O(F 5 ) terms contribute in the non-static case only. A binomial expansion of this expression formally results in a infinite series, which is where the difficulties in the STr prescription occur, since we must expand the binomial series before the trace can be taken 3 . At any rate, it should be clear that the resulting expansion is just a sum of both even and odd powers of F ab .
The important properties of the STr and ATr operations is that, due to the antisymmetry on the spacetime indices, they pick out the even and odd powers of F ab respectively. Moreover, it is clear that, at least for the SU(2) case, and to the first few orders, the same will apply to the cross terms generated by the binomial expansion; that is, e.g.,
So we can state, quite generally, that the lagrangian (6) can be written as a sum of even powers of F ab alone, whereas if we were to use either Tr or ATr, odd powers would also be included. Indeed, this was the motivation behind Tseytlin's proposal.
Since odd powers of F ab can be written in terms of derivatives of F ab , and in analogy with the abelian case, in which the DBI action does not include derivatives of the field strength,
Tseytlin was led simply to define the NBI action to depend on even powers of F ab alone. It was shown in [10] , furthermore, that the lowest order odd invariant,
should not be present in the action at all; the relevant term,
for the open superstring vanishes. It is unclear, however, whether this will hold for all odd invariants and, moreover, whether such a β-function approach is at all valid to higher orders in α ′ . Here we will simply demand, then, that the energy is minimised for the BPS-like conditions to be discussed. We further assume that (6) is in fact the correct action, and will show how our results would not hold for the cases in which STr is replaced by STr + iATr, or just Tr, in which cases odd powers of F ab must also be included.
Instantons in D4-Branes
For static configurations of D4-branes, F α0 = E α = 0, and we have − det(η ab I + F ab ) = det(δ αβ I + F αβ ). Then (cf. [8] )
whereF αβ is the Hodge dual of F αβ , with respect to the worldspace indices only, and F ·F = F αβFαβ . It is important to note that in deriving this equation, and those appearing below, use has been made of the symmetry properties of the STr operation. That is, the matrices can be treated as if they were abelian until the last, at which point the non-commuting group generators can be re-inserted, cf. [18, 19] . This seems somewhat odd, but is in fact not at all since, under STr, we can assume AB = BA. Any matrices can be freely interchanged under this operation; and the procedure in [18, 19] is then fully justified. Indeed, such a procedure automatically removes all odd powers of F ab explicitly since, for the abelian case, all such powers vanish identically.
It is easy to see, then, that for the (anti-)self-dual configuration, for which F αβ = ±F αβ , the determinant can be written as a complete square, as was noted in [19, 10] . The action is then linearised, becoming that of Yang-Mills theory. Since we are dealing with static configurations, the energy density is just T 00 4 = −L 4 , and we have
which is valid since STr(t i t j ) = Tr(t i t j ), and equality is obtained if and only if F αβ = ±F αβ .
Thus, the (anti-)self-duality condition at once linearises the action and minimises the energy;
hence its BPS interpretation. We will see such properties for all the static configurations considered below. The (anti-)self-duality condition is, as usual, solved by multi-(anti-)
instanton configurations, and these will automatically be finite energy solutions of the fullblown NBI action. Thus, the worldvolume theory of D4-branes contains energy-minimising instantons, or D0-branes. Since bound states of D4-branes and D0-branes preserve one half the supersymmetry of the worldvolume theory, they are indeed expected to be BPS energy-minimising configurations.
How is this story changed if we were to use a different group trace operation? That is, how do the above considerations single out the STr operation alone? A very simple argument
shows that, if we were to use either Tr or STr + iATr, the above analysis would no longer follow through. In either of these cases, odd powers of F αβ would be introduced into the NBI action (10) . In the generic case, we would have to consider the O(F 5 ) terms in (9) although, for the static case at hand, the only additional term is that of
Tr or ATr, this term can be rewritten in terms of the dual field strength as
It is unclear, however, as to how such a term could be included in the structure of (10) 
Monopoles and Dyons in D3-Branes
Since the usual BPS equation, B = DX, B the worldvolume magnetic field, is just the dimensional reduction of the self-duality condition, we would expect statements about D3-branes to follow from the above statements about D4-branes via T-duality. That is [8] , D0-branes in D4-branes are T-dual to D-strings ending on D3-branes, a configuration from which worldvolume monopoles and dyons should emerge. These, in turn, are T-dual to D2-branes intersecting at a point, and a further T-duality takes us back to D-strings ending on D3-branes, but now from the point of view of the strings' worldvolume; these latter configurations will be discused below.
In [19] , it was shown how the standard SU(2) BPS monopole solution of Yang-Mills theory can be interpreted as a D-string joining two D3-branes; and, via S-duality, a funda-mental string joining the two branes. This is a specific realisation of an old proposal [20, 21] :
an SU(2) magnetic monopole in four dimensions can be realised as a D-string suspended between two parallel D3-branes. This work follows through for precisely the reason that the BPS condition linearises the NBI action, and so a mapping between the latter and the Yang-Mills action is possible. We consider the dyonic generalisation of these results here, the only difference being an overall constant factor; but we present the findings for completeness anyway.
To include worldvolume scalars, the non-abelian counterpart of the Dirac-Born-Infeld action must be considered. Upon dimensional reduction from ten to (p + 1) dimensions, and using T-duality, we have F aµ = D a X µ and F µν = −i[X µ , X ν ], since the fields depend on the worldvolume coordinates only. Note that the transverse coordinates of the branes become matrix-valued. Using the identity [3] det
with t denoting transposition, we have
upon substitution of
The
2 term is interpreted as a potential energy, as is the case within standard Yang-Mills theory 4 . Classical vacua correspond to a vanishing potential, in which case the matrices can be simultaneously diagonalised. The eigenvalues of the matrices then correspond to the positions of the two branes so, in this case, they are separate and parallel, the unbroken gauge group being U(1). Since we will excite a single scalar only, setting all other transverse coordinates to zero, the potential term vanishes identically here; such a simplification cannot be made, however, in sections to follow. For static configurations, we have F α0 = E α = 0 and D 0 X = 0. Then
where B α = 1 2 ε αβγ F βγ . As above, the energy density is just T 00 3 = −L 3 :
where the last equality is valid for the energy minimising configuration for which B = ± DX, For the dyonic generalisation, we excite both the electric and magnetic worldvolume fields, but still keep the "static" condition D 0 X = 0, in which case the lagrangian is given by
The energy density is no longer simply the negative of the lagrangian density, however; and this is where our results depart somewhat from those of [8] . That is, the latter work seems to make use of an energy functional different to that of [2, 3] , for reasons which are unclear to the author.
We claim here that the energy density can be given by the same Legendre transform as in the abelian case, since taking the variation of the determinant in the NBI action is an operation which commutes with STr: δ(STr(F n )) = STr(δ(F n )). We can then, as usual, define the energy-momentum tensor by T 
Using (18), we have
where the denominator must be viewed formally as the inverse of some matrix-valued (binomial) function. There is no inconsistency here since the fields can be taken to be abelian, as explained above. At any rate, we see that the energy is bounded from below by configurations for which E = sin θ DX and B = cos θ DX, for arbitrary angle θ [8] . In this case, the lagrangian is again linearised, and we have
where we have reinserted the relevant factors of 2πα ′ and the Yang-Mills coupling constant g. Comparing with the usual Yang-Mills lagrangian,
we see that if we take [19] 
solutions of the Yang-Mills theory (22) will be solutions of the linearised NBI theory (20) .
The Prasad and Sommerfield solution [22] is given in terms of the ansatz
where r is a radial coordinate and {x i } are unit vectors. The dyonic solution, satisfying E = sin θ DΦ and B = cos θ DΦ, is given by
where the constant C = vg, v being the expectation value of the Higgs field. Standard analysis then gives
where q M = 4π/g and q E = tan θq M . Asymptotically, the Higgs field can always be diagonalised by performing a gauge transformation, interpreting the diagonal entries as the asymptotic positions of the two branes: X = X 3 σ 3 /2 = X(r). Then
where we take C = (2πα ′ ) −1 ∆X, with ∆X the separation of the branes so that, as r → ∞, X(r) → ±(1/ cos θ)∆X/2. The shape of the branes (a plot of the transverse coordinate (27)) is shown in figure one, the purely magnetic situation considered in [19] corresponding to θ = 0. Figure 1 . A (q E , q M ) string suspended between two D3-branes [19] . The distance between the branes is ∆X and, classically, the charges are given by q M = 4π/g and q E = tan θq M . The purely magnetic situation considered in [19] corresponds to θ = 0 ⇒ q E = 0, the results presented here differing by an overall factor only. The scale factor r 0 = (2πα ′ )/∆X.
Quantum mechanically, we can take q E = ng, n an integer. Then, upon substitution of
which is precisely the energy of an (n, 1) string of length ∆X, cf. [8] . So the standard dyonic solution of SU (2) Yang-Mills theory is a solution of the full-blown NBI theory, if the BPSlike conditions, E = sin θ DX and B = cos θ DX obtain. Classically, this just describes a (q E , q M ) string suspended between two D3-branes, a dyon from the worldvolume point of view.
Vortices in D2-Branes and Hitchin's Equations
By dimensionally reducing the (anti-)self-duality condition of section three a second time,
we obtain Hitchin's equations [23] : with X and Y the two relevant transverse coordinates of the branes DX = ∓ ⋆ DY,
which should describe non-abelian vortices in the worldvolume of D2-branes [8] . Since we are interested in static configurations, the Hodge dual is taken with respect to the two spatial directions only:
The simplest case to consider is that for which [X, Y ] = 0, the two matrices being simultaneously diagonalisable. Then the diagonal entries of the N × N matrices have a natural interpretation as the positions of the N D2-branes, and we need only consider the lagrangian (14) with vanishing potential. In this case, and for static configurations of D2-
In terms of the dual variables
and so the action will be linearised if DX = ∓ ⋆ DY and ⋆F = 0, which are just Hitchin's equations (29) with [X, Y ] = 0.
In the generic case, however, the two scalars will not be simultaneously diagonalisable, and the potential term in (14) will be non-vanishing. No natural interpretation in terms of the positions of the branes will be possible; somehow the off-diagonal components of the matrices correspond to interactions between the branes, which cause the full-blown matrix structure of the transverse coordinates to become manifest. Moreover, we should really consider the lagrangian (13) , that being valid to all orders in the potential term
and
Evaluating the determinant over the a, b indices gives (cf. [8] )
Thus, the energy density 
D-strings and Nahm's equations
Nahm's equations [24] , the dimensionally reduced version of Hitchin's equations, reduce the SU(2) monopole problem in three (spatial) dimensions to a one-dimensional problem. This has a natural interpretation in the D-brane framework: an application of T-duality to a configuration of two D2-branes intersecting at a point gives the configuration of section four viz., a D-string suspended between two D3-branes, but now from the point of view of the string's worldvolume [8] . The monopole can be described from within either the D3-branes' worldvolume, or from within that of the string. Indeed, it was shown in [21] from the point of view of Yang-Mills theory, the leading term in the NBI theory, that Nahm's equations do in fact follow from the worldvolume theory of the D-string. Here we will show this to be true for the full-blown NBI action.
To this end, we consider static configurations, in which case F ab → F 10 = E 1 = 0. Then the relevant lagrangian is the non-abelian generalisation of the Dirac lagrangian, in which three scalars are excited:
where D α X µ → D 1 X µ ≡ DX µ and µ, ν run over the three spatial directions of the D3-brane.
Substituting these latter into (36) gives the lagrangian
The energy density, T 00 1 = −L 1 , and so
the last step being valid if Nahm's equations,
are obeyed. In this case, as expected, the action is linearised, and the energy minimised.
Thus, the analysis of [21] from the Yang-Mills perspective holds for the full-blown NBI theory, and the worldvolume monopole of section four has an equally valid description from the point of view of the worldvolume theory of the D-string suspended between the two D3-branes.
This discussion can be extended to monopoles for arbitrary gauge group SU(N), since the above Nahm construction for SU(2) can be generalised to an arbitrary gauge group.
The SU(N) case corresponds to configurations in which a certain number of D-strings are suspended between N D3-branes in a specific way [21] . The details are quite subtle, and we will not go into them here. Suffice it to say that, asymptotically, the single Higgs field are not well-defined. Rather, they condense into a non-abelian "cloud" [25] surrounding the coincident D3-branes.
Instantons from D0-branes
A final T-duality takes us back to the configuration of section three, but now from the point of view of the D0-branes lying within the D4-branes. The instantons should have a description from the worldvolume theory of these D0-branes. We excite the four relevant scalars, those corresponding to the four spatial directions of the D4-brane, and consider static configurations, in which case the determinant over the a, b indices in (13) drops out entirely. The lagrangian is then
As should be expected, this is formally identical to (10), with
The energy T 00 0 = −L 0 is minimised, and the lagrangian is linearised if
which is just the (anti-)self-duality condition of section three from the D0-branes' point of view. When this condition holds (cf. [8] )
which vanishes identically for finite dimensionally matrices. In the M(atrix) theory N → ∞ limit, however, the energy density (45) in the case of D0-branes on T 4 corresponds to a single unit of D4-brane charge [26] . In this limit, then, the instanton configurations of section three can be described from the point of view of the D0-branes'.
Discussion
The moral of the story is that we can use the facts that BPS-like conditions should, firstly, linearise the NBI action and, secondly, should minimise the NBI energy, as criteria to fix the trace structure of this action. That is, from the three possible trace structures which such an action could have -Tr, STr, and STr + iATr -Tseytlin's STr prescription is singled out.
In this case, we have shown how certain worldvolume "solitons" are BPS states of the NBI action, in the sense that they have a minimum energy. There are certain unresolved problems, however. In [18] , it is claimed that the STr prescription for the NBI action does not correctly reproduce the spectrum of D4-branes wrapped on a four-torus. The resolution of this problem is unclear, especially since the addition of an ATr term in this work would not seem to make much difference to the end results. At any rate, the BPS properties of the NBI action as considered in this paper would suggest that the STr prescription would have to modified in a very subtle way; it would be a shame if the remarkable properties of the DBI action, as regards BPS states, do not follow through to the non-abelian case.
